Abstract-The problem of scattering of electromagnetic waves from randomly rough surfaces illuminated at grazing incidence is addressed. A boundary integral equation is proposed, which, combined with the method of moments, allows an accurate estimation of the very low scattering cross-sections encountered in such conditions. This model is used as a tool to check the validity of approximate theories to predict the radar crosssection from sea surface in the microwave range.
I. INTRODUCTION
The radar cross section from a rough surface becomes very small at grazing incidence, since most part of the energy travels in the forward direction. Therefore, building a rigorous model that can estimate it accurately is challenging. Here, a specific boundary integral equation is established and solved with the help of the method of moments. Even though this socalled Grazing Method of Moment (GMoM) is, from a numerical cost point of view, independent of the incidence, it remains very numerically demanding. We thus also propose an extrapolation technique for faster computation of monostatic diagrams, based on the theoretical behaviour of the scattering amplitude at low-grazing angles. This technique is compared to the GMoM and to some approximate models, with a focus on sea surface.
II. BOUNDARY INTEGRAL FORMALISM
We consider a bounded rough area over an infinite plane, separating vacuum as upper medium from a semi-infinite homogeneous lower medium, illuminated by a plane wave impinging from vacuum. F and F i denote the total field and the incident field, respectively, with F standing either for the electric field E or the magnetic field H. To ensure that surface unknowns tend to zero away from the rough area, we are looking for the fictitious surface currents that radiate the sole contribution from roughness F s = F -F i -F r where F r denotes the field that would be specularly reflected by the average plane. Hereafter F s is called the scattered field. The behaviour of the scattered far-field when the grazing incidence angle tends toward zero can be theoretically predicted [1, 2] . It is shown that, except for Neumann boundary condition, it is proportional to the grazing angle. Therefore, because of the finite precision of the numerical solution, estimation of the scattering amplitude within some range of low grazing angles may be inaccurate. To overcome this limitation, we propose modified scattering formulas inspired from [1, 2] that enforce the theoretical behaviour.
A. Integral equation
In the coordinate system (x, y, z) with z-axis directed upward, the rough surface Σ is described by z = h(x,y). n denotes its unit normal vector directed upward. We introduce the discontinuous functions that coincide with the scattered field E s , H s above the surface and vanish below it. The jumps m and j of these functions are the unknowns of the boundary integral equations. Denoting by F t the field that would be transmitted through the average plane, coupled integral equations are derived from the boundary conditions [3] . If the skin depth in the lower medium is smaller than the wavelength, for instance ocean water in the microwave range, the integral relationship between tangential components of the electric and magnetic fields can be approximated by a local relationship, referred to as the impedance approximation
where [Z] depends on the wavenumber in the lower medium and on the local geometrical characteristics [3] . In this case, the set of coupled integral equations reduces to a single equation.
). The kernel (1/2 + M 0 ) is the same as that of the standard MFIE, M 0 j = n X rot(G 0 *jδ Σ ), G 0 denoting the Green's function of free space in vacuum, δ Σ the surface Dirac distribution and * the convolution product. The right-hand side is more complicated than in the MFIE, since it involves the operator P 0 , defined as P 0 m = n X rot rot (G 0 *mδ Σ ). The case of perfectly conducting surfaces corresponds to [Z] = 0.
The main advantage of this formulation lies in the fact that X vanishes out of the rough area and that the fictitious surface currents do not radiate in the lower medium, thus allow one to check the extinction theorem (see next section). In the following, the description of our approach is restricted to the case of the impedance approximation, eqs. (1) and (2), and Horizontal polarization (E i in the xOy plane).
B. Scattered field
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From the knowledge of j and from Stratton-Chu formula, one can compute the scattering amplitude. Its behaviour at grazing incidence is governed by the right-hand side of eq. (2), which behaves as the z component of the incident wavevector, denoted by q 0 , since X is proportional to sin(q 0 h(x,y)). This behaviour is transferred to the unknown j through the integral equation and then to the scattering amplitude. In comparison, the right-hand side of the standard MFIE involves exp (iq 0 h(x,y) ). Fitting the theoretical behaviour at grazing incidence thus requires accurate cancellation of contributions from all over the rough area. Obviously, the limited accuracy of the numerical scheme results in a threshold above which numerical noise is dominating.
From Lorenz reciprocity theorem, the behaviour at grazing scattering angles can be straightforwardly deduced, with main result that the co-polarized scattering amplitude S HH behaves as0 where q denotes the z component of the wavevector of the scattered wave. However, this does not appear explicitly in the relationship linking S and q, as derived from the far-field approximation of Stratton-Chu formula. Similarly to what has been achieved for the q 0 dependence, the key point consists in providing an expression of the scattering amplitude that is related to sin(qh(x,y)) instead of exp(iqh(x,y)). The way the integral equation has been built ensures that the fictitious surface current j does not radiate in the lower medium. The mathematical translation of this property is generally referred to as the extinction theorem. Therefore, denoting by S(k, q) and S(k, -q) the scattering amplitudes in directions k+qz and k-qz respectively, the extinction theorem tells that S(k, -q) = 0 and the scattering amplitude in the upper half-space S(k, q) can also be written as the difference S(k, q) -S(k, -q). Such a difference involves the desired dependence with respect to qh(x,y).
As a conclusion, combining the integral equation (2) with subtraction of scattering amplitudes in symmetrical directions with respect to the average plane ensures that the scattering amplitude has the right asymptotic behaviour for grazing incidence and scattering angles.
C. First-order expansion of the scattering amplitude
Solving such scattering problems, even with fast numerical solvers, remains time consuming. In addition, the iterative solvers do not take benefit from the solution at a given incidence angle to speed up the computation for another incidence angle. With the aim of saving computation time, we are now wondering whether a single computation of the backscattered field for a given grazing incidence can be extrapolated from the theoretical asymptotic behaviour. Noticing that the derivative of j with respect to q 0 satisfies the same integral equation (1) as j except that X is also replaced by its derivative, (∂j/∂q 0 ) q0=0 can be computed. Since the scattering amplitude depends on q 0 only through j, (∂S/∂q 0 ) q0=0 is derived. Denoting by σ the rms height of the rough surface, a first-order expansion S ≈ q 0 (∂S/∂q 0 ) q0=0 is expected to be accurate as far q 0 σ remains small, where σ is the rms height of the surface roughness.
III. NUMERICAL RESULTS
Here, the integral equation is solved with the help of the method of moments. The solution of the linear system is based on a fast iterative scheme, which behaves as NlogN where N is the number of unknowns, called multilevel canonical grid method [4] . The first example aims at pointing out the advantage of the approach used here. For this purpose, we consider the sea surface described by a fully developed Elfouhaily's spectrum [5] , with wind speed 3 m/s. To speed up the computation, it is assumed to be perfectly conducting. The bistatic NRCS at L-band (1.2 GHz) in the plane of incidence at 89° incidence, has been computed through averaging over 100 samples, each of them being 12 m = 48 λ square. Three curves are plotted in Figure 1 : one represents the bistatic NRCS as derived from Stratton-Chu formula (S+), one is the NRCS in the lower medium, which, according to the extinction theorem, should vanish (S-) and the third one is the NRCS derived from subtracting S(k, -q) to S(k, q). Clearly, the use of Stratton-Chu formula does not provide an accurate estimation of the bistatic cross-section beyond -75°. The ratio between the largest and the smallest value of the NRCS, which can be seen as the numerical dynamic range, does not exceed 10 6 . It is linked to the accuracy with which the extinction theorem is satisfied. Performing the difference S(k, q) -S(k, -q) permits to significantly improve the dynamic range and to compute the NRCS at grazing scattering angles. The accuracy of this approach has been tested against the small perturbation method in the case of very small surface heights.
The second example still concerns sea surface, but for stronger wind, namely 7 m/s. With such a wind speed, the longest wave expected to be generated by wind on a fully developed sea has a wavelength of about 40 m = 160 λ.
Hence, a surface sample must be more than 40 m long in each direction to include all the scales that contribute to scattering. To avoid huge computation times, the surface here is represented as a one-dimensional profile between two homogeneous dielectrics, and the impedance approximation is used.
In Figure 2 , we have plotted the monostatic NRCS for incidence angles from 70° up to 89°, with H polarized incident plane wave. The integral formalism (MoM) is compared to three approximate methods, namely the Kirchhoff approximation (KA), the Small Slope Approximation (SSA) and the Weighted Curvature Approximation (WCA) [6] . All of them are devoted to surfaces with small slopes, which is the case of the ocean surface, but KA is basically a high frequency approximation, SSA a low frequency one and WCA is a mixture that fits the asymptotic behaviours of KA and SSA, and which also takes the curvature into account. The solid line is the curve derived by extrapolating the monostatic NRCS from the computation of the derivative of the scattering amplitude for q o = 0, as explained in section II-C. GMoM (stars) is compared with interpolated formula and approximate models.
IV. CONCLUSION
We have presented a rigorous model specifically devoted to the problem of rough surface scattering under grazing incidence. It has allowed us to show that the approximate theories fail at grazing incidence for H polarized fields. Hence, another way has been investigated to save computation time: estimating the scattering cross-section at any grazing incidence angle from a first-order expansion of the scattering amplitude with respect to the vertical component of the incident wavevector q o . This requires only one computation, that of the first-order derivative at grazing. The dimensionless small parameter to be considered is the product of q o with the rms height σ of the surface roughness and it appears that this approach provides accurate results for q 0 σ up to 0.5 typically.
KA is inappropriate at grazing incidence, since the scattering amplitude does not decay with q o . SSA fits the correct behaviour but underestimates the NRCS, while, as expected, WCA provides the best approximation. However, it is to be noticed that WCA decays slowly at grazing. The extrapolation result becomes less accurate as the incidence angle decreases, with errors of 1dB at 87° (small parameter q 0 σ ≈ 0.4) and of about 5 dB at 80° (q 0 σ ≈ 1.3).
